We obtained self-similar solutions of relativistically expanding magnetic loops taking into account the azimuthal magnetic fields. We neglect stellar rotation and assume axisymmetry and a purely radial flow. As the magnetic loops expand, the initial dipole magnetic field is stretched into the radial direction. When the expansion speed approaches the light speed, the displacement current reduces the toroidal current and modifies the distribution of the plasma lifted up from the central star. Since these selfsimilar solutions describe the free expansion of the magnetic loops, i.e., Dv/Dt = 0, the equations of motion are similar to those of the static relativistic magnetohydrodynamics. This allows us to estimate the total energy stored in the magnetic loops by applying the virial theorem. This energy is comparable to that of the giant flares observed in magnetars.
motion at the footpoints of the loops. The shear motion generates Alfvén waves propagating along the field lines. Such twisted magnetic loops expand by the enhanced magnetic pressure by the toroidal magnetic fields. Thus we should include the toroidal magnetic field to study the evolution of magnetic loops during magnetar flares. Also the relativistic effects should be included. The characteristic wave speed in the magnetar magnetosphere approaches the light speed because of the strong magnetic fields. Thus our aim is to obtain relativistic self-similar MHD solutions of expanding magnetic loops taking into account the toroidal magnetic fields by extending the non-relativistic solutions found by Low (1982) . This paper is organized as follows; in § 2, we present the relativistic ideal MHD equations and introduce a self-similar parameter which depends on both radial distance from the centre of the star and time. In § 3, we obtain self-similar solutions. The physical properties of these solutions are discussed in § 4. We summarize the results in § 5.
SELF-SIMILAR MHD EQUATIONS
In the following, we take the light speed as unity. The complete set of relativistic ideal MHD equations is
∇ · E = 4πρe,
where E, B, j, v, γ, ρe, ρ, p, Γ are the electric field, the magnetic field, the current density, the velocity, the Lorentz factor, the charge density, the mass density, the pressure and the specific heat ratio, respectively. The vector er is a unit vector in the radial direction. We include the gravity by a point mass M as an external force. Here G is the gravitational constant, and r is the distance from the centre of the star. The relativistic specific enthalpy ξ is defined as
where ǫ is the energy density of matter including the photon energy coupled with the plasma. In SGR outbursts, since the luminosity much exceeds the Eddington luminosity, radiation energy density can exceed the thermal energy of the plasma. In the following pressure p includes the contribution from the radiation pressure.
In this paper, we consider relativistic self-similar expansions of magnetic loops which started expansion at t = ts by loss of dynamical equilibrium and entered into a self-similar stage at t = t0 > ts. We do not consider the evolution of the loops before t = t0.
For simplicity, we ignore the stellar rotation and assume axisymmetry. We can express the axisymmetric magnetic field in terms of two scalar functionsÃ and B as B = 1 r sin θ 1 r ∂Ã ∂θ , − ∂Ã ∂r , B ,
in the polar coordinates (r, θ, φ). The scalar functionÃ(t, r, θ) denotes the magnetic flux, whose contours coincide with magnetic field lines projected on to the r − θ plane. We further assume that the fluid flow is purely radial; v = v(t, r, θ) er.
Equations (1), (2), (3), and (6) are then expressed as 
where we used the MHD condition given by (8) and introduced the operator
Since our aim is to obtain self-similar solutions of these relativistic MHD equations, we assume that the time evolution is governed by the self-similar variable:
where Z(t) is an arbitrary function of time. We further assume that the flux functionÃ depends on time t and the radial distance r through the self-similar variable η, as A(t, r, θ) =Ã(η, θ).
When equation (21) is satisfied, the radial velocity v has a form
from equation (17) . Here dot denotes the time derivative. Equation (22) implies that the radial velocity v does not depend on the polar angle θ. It then follows from equations (12) and (18) that
where Q and D are arbitrary functions of η and θ. These relations indicate that the magnetic flux and the total mass are conserved. Next we take the pressure p as p(t, r, θ) = Z l P (η, θ). Substituting this equation into equations (14) and (16), we
where we introduced an operatorL (η,θ) :
To satisfy these equations, p, Z and Γ should have forms
and Γ = 4 3 .
This adiabatic index corresponds to the radiation pressure dominant plasma. Thus our model can describe the evolution of a fireball confined by magnetic fields.
Equations (23) and (28) indicate that the magnetic loops expand adiabatically. By using equations (22), (23), (24), (28), (29) and (30), equations (13), (15) and (25) are expressed as 
From equation (32), a formal solution of Q is obtained as
where G is an arbitrary function. Self-similar solutions can be constructed as follows. First we prescribe an arbitrary functionÃ(η, θ) (or Q(η, θ)). Then, equation (32) determines the function Q(η, θ) (orÃ(η, θ)). FunctionsÃ and Q determine the pressure P (η, θ) according to equation (33) . Finally, the density function D(η, θ) is obtained by equation (31) .
Note that from the equation (22) and (29), the radial velocity has a simple form as
Since the time derivative of the velocity becomes zero, i.e., Dv/Dt = 0, equations (31)-(33) describe the freely expanding solution. This means that there is a reference frame that all forces balance. By substituting equations (23), (24), (28), (29), and (35) into the equations of motion (2), we obtain
The first term on the left hand side comes from the inertia. For convenience, we call this term as a thermal inertial term throughout this paper. When we neglect the terms of order (v/c) 2 , equation (36) reduces to the equations of the force balance in non-relativistic MHD.
SELF-SIMILAR SOLUTIONS
In the previous section, we derived relativistic self-similar MHD equations, (31), (32) and (33). In this section, we obtain solutions of these equations by imposing appropriate boundary conditions. As mentioned in the previous section, the toroidal magnetic field, the pressure, and the gas density are calculated by assigning the flux functionÃ(η, θ). In the following, we introduce three kinds of flux functions and obtain explicit forms of other variables.
Construction of Solutions
We assume that the expanding magnetic loops have a spherical outer boundary at r = R(t).
A simple solution of the expanding magnetic loops is that the poloidal magnetic field is dipolar near the surface of the star (Low 1982). The magnetic field should be tangential to the spherical surface r = R(t) at all time. Such a solution can be constructed by 
where A0 and a are constants. The radius R(t) whereÃ = 0 is given by
We hereafter call the solution constructed from equation (37) as dipolar solution.
Solid curve in Fig. 1 shows the flux functionÃ as a function of η for the dipolar solution. Contour plots ofÃ for dipolar solution is shown in the left panel of Fig. 2 .
When the flux function is given by equation (37), the magnetic flux crossing the annulus at the equatorial plane θ = π/2 decreases with radius (see Fig. 1 ). In actual MHD explosion, the magnetic flux can be swept up into a thin shell just behind the loop top. The shell boundaries are assumed to be at r = bt and r = at (region II, see Fig. 1 ). Such a self-similar field can be constructed bỹ
where
and a, b and k are constants (Low 1982) . The flux functions in region I (η < = b) and region II (b < η < = a) are connected smoothly at η = b. The loop boundary locates at r = at, whereÃ = 0.
The flux function for this solution is shown by a dashed curve in Fig. 1 . It can be easily shown that the magnetic field lines projected on to the r − θ plane are all radial in region I. We call the solution constructed from equation (39) as shell solution. The middle panel of Fig. 2 shows the contours ofÃ for the shell solution.
Another solution is that we call flux rope solution. As the magnetic loops expand, a current sheet is formed inside the magnetic loops. It is suggested that the magnetic reconnection taking place in the current sheet is responsible for the SGR flares (Woods et al. 2001; Lyutikov 2006) . When the magnetic reconnection takes place, flux ropes (namely plasmoids) are formed inside magnetic loops. The flux function should then have a local maximum inside the flux rope. Such a solution can be constructed bỹ
where A0, a are constants and Λ(η) is given by equation (40). This function is shown by a dot-dashed curve in Fig. 1 . It has a local maximum in the domain b < η < a (see Fig. 1 ). The contours ofÃ for the flux rope solution is shown in the right panel of Fig. 2 . Flux ropes appear behind the shell.
Dipolar Solutions
Dipolar solutions are constructed by the flux function specified by equation (37). The azimuthal magnetic fields can be obtained by substituting equation (37) into equation (32) as
where Q0,n are constants. Note that the solutions (37) and (43) satisfy the formal solution given by equation (34). Substituting equations (37) and (43) into equation (33), we obtain the pressure function P :
where P0(η) is an arbitrary function arisen from the integration and PA and PQ are given by
log(sin θ), for m + n = 2.
(46) Substituting equations (37), (43), (44), (45), and (46) into (31), the density function D can be determined as
The parameters m and n correspond to the Fourier modes in the θ direction. These parameters should be determined by the boundary condition on the surface of the central star where magnetic twist is injected.
Equation (44) and (47) indicate that the solution consists of three parts, P0, PA and PQ (or D0, DA and DQ). The arbitrary function P0(η) describes an isotropic pressure in the region r < R(t). The isotropic density profile D0(η) is related to P0 through equation (48). This equation is similar to that in non-relativistic model (Low 1982) . In the non-relativistic model, gravity is supported by the gradient of P0(η). In the relativistic case, relativistic correction of the plasma inertia cannot be ignored. This effect is included in the first term in the right hand side of equation (48). Other functions PA and PQ (or DA and DQ) come from the interaction with the electromagnetic force. Note that the plasma pressure PQ, which balances with the electromagnetic force produced by the toroidal magnetic field, is always negative. This suggests that the pressure is smaller for larger toroidal magnetic fields. Fig. 3 shows the contour plots of the magnetic fluxÃ (left), the poloidal part of the pressure PA (centre), and that of the gas density DA (right), while Fig. 4 shows the contour plots of the toroidal magnetic field B φ (left), the toroidal part of the pressure PQ (centre), and that of the gas density DQ (right) in the η/a − θ plane for m = n = 4 and a = 0.8.
The magnetic field is explicitly expressed as 
where er, e θ , and e φ are unit vectors in r, θ, and φ directions in the polar coordinate, respectively. Note that Br and B φ are zero at r = R(t) but B θ is not zero and it depends on time when a = 1. We will discuss the physical meaning of this result later in §3.3. In later stage, the magnetic field becomes stationary,
and the magnetic field becomes radial. In the limit t ≫ r, the pressure and the gas density inside the magnetic loop are given by
Since the toroidal magnetic field tends to be zero in this limit, the pressure and density do not depend on the amplitude of the toroidal magnetic fields.
Shell Solutions
Shell solutions are constructed from the flux function (39). By substituting equation (39) into equation (32), the function Q can be obtained as where f (θ) is an arbitrary function of θ, and Q I 0 and Q II 0,n are constants. The subscripts I and II mean that the function is defined in region I and in region II, respectively. The arbitrary function f (θ) can be determined by applying the boundary condition that magnetic field should be connected smoothly at η = b,
By using the boundary condition, the function f is given by
and the function Q I is obtained as
The constants Q I 0,n and Q II 0,n should be related by
from the boundary condition (57). Substituting equations (39), (56), (59) and (60) into equation (33), we obtain the pressure function P (η, θ). The density function D(η, θ) is obtained from equation (31). The functions Q, P , and D obtained in region I and region II are given in appendix A. The pressure and the gas density consist of three parts, the isotropic part P0 and parts representing the interaction with the electromagnetic force by the poloidal and toroidal components of the magnetic field, PA and PQ, similarly to the dipolar solutions (see equations (A2) and (A9), for the pressure and equations (A5) and (A12) for the gas density). Fig. 5 shows the contour plots of the magnetic fluxÃ (left), the poloidal part of the pressure PA (centre), and that of the gas density DA (right) in η/a − θ plane. Fig. 6 shows contour plots of the toroidal magnetic field B φ (left), the toroidal part of the pressure PQ (centre), and that of the gas density DQ (right) in η/a − θ plane. The parameters are taken to be a = 0.8, b = 0.75a, and m = n = 4 in both figures. A shell structure appears behind the loop top.
The pressure PQ is always negative (see equations (A4) and (A11) and the middle panel of Fig. 6 ) and its amplitudes is proportional to that of the toroidal magnetic fields, Q0,n. This indicates that the pressure is smaller for a larger toroidal magnetic field.
The magnetic field is explicitly given by 
Similarly to the dipolar solution, the shell solutions have the parameter m which corresponds to the Fourier modes in the polar angle θ. These modes and the corresponding amplitude Q0,m of the toroidal magnetic fields should be determined by the boundary condition at the surface of the central star where the magnetic twist is injected.
In contrast to the dipolar solution, the magnetic field lines do not cross the equatorial plane in region I (see the left panel in Fig. 5 ). Note that in the limit that t ≫ r, the magnetic fields and plasma distribution approach those of the dipolar solution, given by (52), (53) and (54).
At the boundary r = R(t), the field components Br and B φ are exactly zero, but B θ is not zero. Since the Poynting flux S = (E × B)/(4π) is not zero at r = R(t), the energy flux will be transmitted to the region outside the boundary at r = R(t). When cos T (a) = 0, since the magnetic field vanishes at r = R(t), the energy is not transferred to r > R(t). This happens when the constant k is given by
where l is an integer number. (62), B θ (t, r = at, θ) = 0 and thus Sr(t, r = at, θ) = 0. Electromagnetic energy is not transmitted ahead of the loop top. When k does not satisfy equation (62), the Poynting flux Sr at r = at is not zero and the electromagnetic energy is transmitted to r > at. The physical interpretation of the condition given in equation (62) Fig. 8 ), the electromagnetic energy can be converted to the kinetic and thermal energies in region III. The magnetic field B θ given in equation (61) can be expressed by the superposition of the forward and reflected waves. When the density enhancement appears ahead of the magnetic loop in region II, the forward waves can be partially reflected by it. The condition for the perfect reflection should be determined by the wavelength λ and the thickness of the density enhancement d ∼ (a − b)t. This situation is analogous to the enhancement of the reflection rate by coating a glass with dielectric medium. The reflection rate becomes maximum when the width of the dielectric medium d satisfies d = (2l + 1)λ/4. When λ = 2π/k, this condition coincides with equation (62). Note that the parameter k in equation (62) is not exactly the wave number but it determines the profile of the magnetic fields (see equations (39), (40), and (41) for the definition of k). When the condition (62) is satisfied, the MHD waves propagating in the +r direction are totally reflected by the density enhancement produced by the loop expansion. For the dipolar solution, the magnetic energy is transmitted to r > R(t) because the density enhancement does not appear (see the right panels of Fig. 3 and Fig. 4) . When k > π/[2(a − b)], the magnetic shell recedes from η ∼ a to the region b < η < a, and a flux rope appears around η = a ahead of the magnetic shell. Fig. 9 shows the contour plots of the magnetic fluxÃ of the shell solutions for
Flux Rope Solutions
Flux rope solutions which include flux ropes inside the expanding magnetic loops are constructed by the flux function (42).
By substituting equation (42) into equation (32), the function Q can be written as
where Q0,n is a constant and subscripts I and II denote region I and region II, respectively. The pressure and density functions (i.e., P and D) can be obtained by substituting equations (42), (63), (64) into equations (31) and (33). The functions P and D obtained in region I and region II are given in appendix B. The pressure and the gas density consist of three parts, the isotropic part P0 and parts representing the interaction with the electromagnetic force by the poloidal and toroidal magnetic fields, PA and PQ (see equations (B1) and (B7) for the pressure and equations (B4) and (B10) for the gas density). Fig. 10 shows the contour plots of the magnetic fluxÃ (left), the poloidal part of the pressure PA (centre), and that of the gas density DA (right) in η/a − θ plane. Fig. 11 shows contour plots of the toroidal magnetic field B φ (left), the toroidal part of the pressure PQ (centre), and that of the gas density DQ (right) in η/a − θ plane. The parameters are taken to be a = 0.8, b = 0.75a, and m = n = 4 in both figures. The flux ropes exist behind the loop top (see the left panel of Fig. 10) .
The magnetic fields in region I and II are explicitly given by 
Here the subscripts I and II denote the magnetic fields in region I and region II, respectively. Similarly to the dipolar and shell solutions, the parameter m represents the Fourier modes which specify where the magnetic twist is injected. In the limit that t ≫ r, the flux rope solution reduces to the dipolar solution given by equation (52), (53) and (54). In this limit, the magnetic field becomes stationary and radial.
Note that the field component Br and B θ are exactly zero but B θ is not zero at r = R(t) unless the condition (62) is satisfied. The electromagnetic energy is transmitted to r > R(t) unless the condition (62) is satisfied as discussed in the previous subsection. When equation (62) is satisfied, the Poynting flux is totally reflected at r = R(t) and the electromagnetic energy is not transmitted to r > = R(t).
PHYSICAL PROPERTIES
Here we discuss physical properties of the three solutions we derived in § 3. In this section, we organize our discussion into four parts. First we consider the energetics. Second we show the shell and flux rope structures derived in § 3.3 and § 3.4 inside the magnetic loops. Third we study the relativistic effects, especially the role of the displacement current. Finally, we apply our solutions to SGR flares. 
Energetics
First let us consider the dipolar solution without the toroidal magnetic field (i.e., Q0,n = 0) for simplicity. Total energy E contained inside the expanding magnetic loops is given as
are kinetic, thermal inertial, thermal, electric, magnetic, and gravitational potential energies, respectively. Since the solutions we derived describe the freely expanding magnetic loops, i.e., Dv/Dt = 0, the total kinetic energy K given by
does not change with time. Here the total kinetic energy is integrated inside the spherical surface of r = R(t). Other energies can be evaluated by carrying out the integration directly. The non-kinetic part of the total energy E ′ ≡ Uin +U th +UE +UM +W contained inside r = R(t) is then given as Figure 12 . A schematic picture showing an expanding magnetic loop. Toroidal magnetic field is created inside the magnetic loop due to the twist injection from the surface of the magnetar. The magnetic pressure gradient force plus the pressure gradient force balances with the magnetic tension force by the poloidal magnetic field.
Since the thermal, gravitational potential, and magnetic energies contain infinity due to the divergence of p, ρ, and Br at r = 0 (see equations (45), (49), and (51), respectively), we renormalized the infinite parts of U th , UM, and W to zero (see Low 1982) .
The non-kinetic part of the total energy E ′ depends on the amplitude of the poloidal magnetic field A0, but is independent of the isotropic component (i.e., P0 and D0). The isotropic component does not contribute to the total energy because the thermal energy of the isotropic plasma cancels with that of the gravitational potential energy.
The energy E ′ diverges at t = 0 because we assumed a point mass at the origin. In magnetars, since the magnetar has a finite radius Rs, the self-similar expansion will take place when r > r0 > Rs and t > t0. Let us denote the total energy and the non kinetic part of the total energy inside the spherical surface of r0 ≡ R(t0) as E0 and E ′ 0 , respectively. The expansion takes place when E0 > E ′ 0 . Since the total kinetic energy K = E0 − E ′ 0 does not change with time and E ′ (t) given in equation (79) decreases with time for the dipolar solution, E (t) = E ′ (t) + K < E ′ 0 + K = E0. The released energy E0 − E (t) is carried away to r > R(t). This can be confirmed by integrating the energy conservation equation inside the spherical surface r = R(t) as
Since this integration is cumbersome, we do not show the details of the calculation. We have to point out that the integration with the volume V cannot be exchanged with the time derivative in the first term since the volume V changes with time. Next let us consider the case Q0,n = 0. Since the integration of equations (72)- (77) is complex, we evaluate the total energy inside the closed boundary by a different method. Note that equation (36), which represents equations of motion in the self-similar space, indicates that the self-similar equations we derived are closely related to the static relativistic MHD solutions except the existence of the thermal inertial term and the electric field. We can derive the virial theorem for the relativistic self-similar MHD (see appendix C);
and
Here A is the surface enclosing the volume V . The non-kinetic part of the total energy E ′ can be written from equation (81) as Figure 13 . k dependence of the non kinetic part of the total energy E ′ (solid curve) for the shell and flux rope solutions.
We can evaluate E ′ inside the expanding spherical surface of r = R(t) by using the fact that p = ρ = Br = B φ = 0 at r = R(t)
In all solutions, the non-kinetic part of the total energy does not depend on the toroidal magnetic field because the toroidal magnetic field does not change the dynamics of the expanding magnetic loops in the self-similar stage. This can be understood from the fact that when we take Q0,n = 0, the solutions we derived satisfy equations (31), (32) and (33) without any modification on the poloidal magnetic field. To understand this reason, let us consider the equation of motion in the θ direction. Since v = ver, the force balance should be attained in the θ direction (see Fig. 12 ). The pressure PQ is smaller for larger toroidal magnetic fields because PQ is proportional to −Q 2 0,n (see equations (46) for the dipolar solution, (A4) and (A11) for the shell solution, and (B3) and (B9) for the flux rope solution). For larger toroidal magnetic fields, the magnetic pressure gradient force by the toroidal magnetic field balances with the magnetic tension force from the poloidal magnetic field. As a result, the existence of the toroidal magnetic field modifies the plasma distribution, but does not change the dynamics. Fig. 13 shows the k dependence of E ′ 0 for the shell and flux rope solutions (note that both solutions have the same k dependence). When the condition (62) is satisfied, the total energy contained inside the magnetic loops is equal to K and conserved for the shell and flux rope solutions because the energy flux is zero at r = R(t). When (62) is not satisfied, the total energy is larger than K by E ′ (see equation (62)). The excess energy is carried away to the region III (r > R(t)) to attain the free expansion, i.e., Dv/Dt = 0.
Shell and Flux Rope Structures
Let us examine the density and pressure distribution for the shell solution derived in § 3.3. We define the density and pressure enhancements as 
These functions are normalized to be unity in region I, where the poloidal magnetic field lines are radial for the shell solution. In Fig. 14 , the pressure and density enhancements, ∆PA and ∆DA are plotted for b = a/2, 3a/4, 9a/10 when a = 0.8 and k = π/[4(a − b)]. In all three cases, the pressure and density pulses appear at the top of the magnetic loops. Their amplitudes are larger for a thinner shell. The peak of the pressure enhancement appears behind that of the density enhancement. This structure comes from the requirement for the force balance with the gravity. As mentioned in § 4.1, this relativistic self-similar solution is similar to the static solution in which the force balance is attained. As plasma is swept up into the shell, the density increases inside the shell. To support the gravity by this excess density, the pressure gradient appears behind the density enhancement. The density decrease behind the pressure enhancement also comes from the requirement for the force balance. Since the decrease of the density enables the buoyancy force to push the plasma in the radial direction, this buoyancy force maintains the pressure pulse. These structures are identical to those in non-relativistic solution (Low 1982) . Fig. 15 plots ∆PQ and ∆DQ for b = a/2, 3a/4, 9a/10 when a = 0.8 and k = π/[4(a − b)]. As mentioned in § 3, the Lorentz force exerted by the toroidal magnetic fields always reduces the pressure. A local minimum of the density enhancement ∆DQ locates behind a local maximum of d∆PQ/dη. This structure also comes from the force balance. Pressure gradient force balances with the buoyancy force in the rarefied region.
Next we examine the structure of the flux rope solution derived in § 3.4. We define the normalized toroidal magnetic field strength as
Solid curve in Fig. 16 shows ∆B φ as a function of η for b = 0.95a, while the dash and dot-dashed ones show that for b = 0.8a and b = 0.65a, respectively. Other parameters are fixed at a = 0.8 and k = π/[4(a − b)]. The toroidal magnetic field has a peak inside the flux rope. Its amplitude is larger for a larger a and a thinner shell. The shell structure also appears behind the loop top (see Fig. 10 and 11 ). Solid curve in Fig. 17 shows ∆B 2 φ , which corresponds to the magnetic pressure by the toroidal magnetic field, as a function of η for a = 0.8, b = 0.95a, and k = π/[4(a − b)]. Dashed and dot-dashed curves show ∆PQ and ∆DQ, respectively. Plasma density decreases inside the shell. The decrement of the plasma density leads to the buoyancy force which balances with the pressure gradient force in front of the shell. Behind the shell, the pressure gradient force balances with that of the magnetic pressure. This effect is more prominent for the flux rope solution than for the shell solution since the magnetic pressure is enhanced inside the flux rope.
The Role of the Displacement Current
We showed that PQ is always negative. On the other hand, PA can have either positive or negative values. In this subsection, we obtain the condition for PA < 0.
First let us consider the dipolar solution derived in § 3.2. The condition that PA given by equation (45) is positive in 0 < = η < = a is given by 
The critical value a * for PA > 0 in 0
When a > a * , PA has negative values in the domain 0 < = η < = a. Since a denotes the expansion speed of the magnetic loops at r = R(t), the above condition indicates that PA can be negative for faster expansion.
Next let us calculate the azimuthal component of the current density,
The current jrot is always positive, while j disp has negative values for a larger a in 0 < = η < = a. The displacement current j disp cannot be ignored for a larger a and it reduces the azimuthal current j φ . Thus the current j φ changes its sign for a larger a. Remember that the pressure P is determined by the θ component of the equation of motion given by
According to the definition of PA and PQ, the poloidal component of equation (97) is given by
Since both ∂PA/∂θ and j φ Br depend on θ by sin θ cos θ, and Br/ cos θ is positive, the sign of PA is determined by that of j φ / sin θ. Thus PA can be negative when the displacement current j disp dominates the current jrot. The condition that j φ < = 0 coincides with the condition that PA < = 0 (i.e. a > = a * , where a * is given by equation (92)). Next let us consider the shell and flux rope solutions. Since these solutions are more complex, the equation PA = 0 is solved numerically. Instead of using parameters a and b, we introduce the following parameters, These parameters denote the maximum speed of the expanding loops and thickness of the shell behind the loop top, respectively. Fig. 18 is a diagram showing whether the solution that PA = 0 exists for the shell and flux rope solutions in the parameter space of Vmax and ∆ for k = π/[4(a − b)]. Solutions where PA = 0 exist in the shaded area for the shell solution and in the grey area for the flux rope solution. Similarly to the dipolar solution, the effect of the displacement current is more prominent for a larger Vmax. Generally, PA is smaller for a larger Vmax and thicker shells in parallel that the displacement current becomes important for larger Vmax and ∆. For the flux rope solution, the displacement current is important not only in region II but in region I (right bottom region in Fig. 18 ). In this case, PA is negative for b > = 0.817.
Application to SGR Explosions
SGR flares can be triggered by energy injection into magnetic loops at the surface of a strongly magnetized neutron star (e.g., Lyutikov 2006) . When sufficiently large energy is injected, the magnetic loops will become dynamically unstable, and expand relativistically. Magnetic energy release in the expanding magnetic loops can be the origin of SGR flares. The expanding magnetic loops will also produce magnetosonic waves propagating ahead of the loops. High energy particles can be produced in the magnetic reconnection inside the loops, and in shock fronts formed ahead of the loops. In this paper, we did not solve the structure of the region ahead of the magnetic loops (r > R(t)). When the outer region is a vacuum, electromagnetic waves will be emitted from the boundary at r = R(t). When the plasma density is much larger than the Goldreich-Julian density (Goldreich & Julian 1969) and the wave frequency is much smaller than the plasma frequency, the outer plasma can be studied by using MHD equations. It will be our future work to connect the self-similar solutions inside r = R(t) and the solutions in r > = R(t). Now let us estimate the energy for the SGR explosion based on the self-similar solutions. Let us take the field strength to be 10 15 Gauss (Kouveliotou et al. 1998; Ibrahim et al. 2002; Ibrahim et al. 2003) at the stellar radius Rs = 10 6 cm. This 
By assuming that the self-similar expansion begins when t0 = Rs/a, the released energy from the expanding magnetic loops can be estimated from equation (85) as 
Here we take a = Vmax ≃ 0.9 and k = π/[4(a − b)]. These results agree with the observed energy of SGR giant flares (Hurley et al. 2005; Palmer et al. 2005; Terasawa et al. 2005) . Note that the total energy contained in the expanding magnetic loops is more energetic for thinner shells. The non-kinetic part of the total energy E ′ is inversely proportional to the square of the shell thickness. When some fraction of the kinetic energy K is converted to the electromagnetic energy, the released energy can be larger than that estimated by equation (102). 
SUMMARY & DISCUSSIONS
By extending the self-similar solutions derived by Low (1982), we derived self-similar solutions of relativistically expanding magnetic loops taking into account the toroidal magnetic fields. The dipolar solution derived in § 3.2 gives us an insight into the relativistic expansion of the magnetic loops because of its simplicity. However, the shell and flux rope solutions derived in § 3.3, 3.4 have more physically interesting properties such as an enhanced magnetic pressure at the shells and flux rope structures. Such configurations might be more probable for SGR flares. The equations of motion in the self-similar stage are similar to those of the static equilibrium state except the existence of the relativistic thermal inertial term and the electric field. This fact allows us to evaluate the non-kinetic part of the total energy in the magnetic loops by using the virial theorem. The magnetic loops with shell or flux rope structures carry more energy than the simple dipole solution. The energy is comparable to the observed energy of the SGR giant flares.
In relativistically expanding magnetic loops, the effect of the displacement current becomes important. In dipolar solution, the displacement current becomes larger than the real current ∇ × B/(4π) for faster expansion speed (Vmax > a * ). This effect reduces the toroidal current and weakens the magnetic tension force. To balance the reduced magnetic tension force, the pressure decreases.
We found that the energy is transferred to r > R(t) in dipolar solutions. In the shell and flux rope solutions, the energy is transferred to r > R(t) unless condition (62) is satisfied. The condition can be interpreted as that for the total reflection of the MHD waves in the shell. Dipolar solutions always have leakage (transmission of Poynting flux to the region r > = R(t)) because B θ = 0 at r = R(t). The shell and flux rope solutions have perfectly reflecting solutions in which the total energy in r < R(t) is conserved. It means that the solutions are energy eigenstates of the system. The eigenstates can be obtained by adjusting the parameter k.
In this paper, we obtained solutions for freely expanding magnetic loops, i.e., Dv/Dt = 0. We assumed that the magnetic loops have sufficiently large energy to drive the expansion. When the flux functionÃ increases with time, the toroidal magnetic fields will also increase with time. The toroidal magnetic fields will then affect the dynamics through the magnetic pressure. Such solutions can describe the accelerating magnetic loops.
Magnetic fields can be expressed as the sum of the Fourier modes in the polar angle. The modes and their amplitudes should be determined at the boundary where the magnetic twist is injected on the surface of the star. It is not shown but we can construct more complex solutions that the poloidal magnetic fields are expressed by the sum of the Fourier modes, i.e.,Ã ∝ sin n θ. In actual explosion, the opening angle of the expanding magnetic loops depends on the location at which the magnetic twist is injected on the surface of the central star. Such a solution may be expressed as the sum of the Fourier modes for the poloidal and toroidal magnetic fields. We should note that SGR flares are not necessarily axisymmetric. Models including the non-axisymmetrically expanding magnetic loops will be a subject of future works.
The function D in region I is given by 
nQ0,mQ0,n 2πGM (m + n − 2)η(1 − η 2 ) 2 sin m+n−2 θ, for m + n = 2,
nQ0,mQ0,m 2πGM η(1 − η 2 ) 2 log(sin θ), for m + n = 2.
(A7)
The functions Q and P in region II are given by
where P (η) 4π(m + n − 2)η 2 (1 − η 2 ) sin m+n−2 θ, for m + n = 2, − m+n=2 nQ0,mQ0,nΛ(η) 4πη 2 (1 − η 2 ) log(sin θ), for m + n = 2.
The function D II is given by nQ0,mQ0,n 2πGM η(1 − η 2 ) 2 log(sin θ) − sin 4 T (η) sin 4 T (a) log(sin θ) + kη(1 − η 2 ) cot T (η)(1 − 2 log(sin θ)) ,
for m + n = 2.
Here Ξ(η) is a function of η given by Ξ(η) = 1−kη(1+η 2 )(1−3η 2 ) cot T (η)+k 2 η 2 (1−η 2 )(1+3η 2 ) 1 − 3 cot 2 T (η) +k 3 η 3 (1−η 2 ) 2 3 cot 3 T (η) − 5 cot T (η) . (A15) P0(η) is an arbitrary function of η and is related to the function D0(η) through equation (48).
APPENDIX B: CONSTRUCTION OF THE FLUX ROPE SOLUTIONS
The function P in region I is given by 
The function P in region II is described as
where P 
The function D is given by 
The functions d0, d1, d2, d3, and Y are given by
d1(η) = 4kη(2 − 3η 2 )
(1 − η 2 ) 2 sin 3 T (η) cos T (η)
d2(η) = 4k 2 η 2 (2 + 3η 2 )
1 − η 2 sin 2 T (η)(3 − 4 sin 2 T (η))
d3(η) = −8k 3 η 3 sin T (η) cos T (η)(3 − 8 sin 2 T (η))
